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Abstract-A new multi-dimensional model has been developed which makes it possible to calculate the
spectrally-integrated total radiative flux for a molecular-gas band based on the solution of two simple
differential equations. The new model employs the exponential-wide-band model and makes it unnecessary to
evaluate the spectral flux for a large number of wavenumbers with subsequent spectral integrations, thus
considerably reducing the numerical effort required. Comparison with spectrally-integrated results from the
differential (P-l) approximation, on which the present method is based, and with some exact results, shows

excellent agreement for all situations.
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ql first derivative of flux with respect to
spectral variation,

iJqi Iql •e= --!'!.aw W(no)

q~n spectral flux within ith band, q~n •e
q~ total band flux, q~ •e
QI> Qt,Q2' Q3 non-dimensional reference fluxes,

equation (20)
r position vector
T temperature
II unity step function
x,y geometric distance

RADIAnON from hot gases is of great importance in the
design of furnaces, boilers, combustion chambers, etc.

Yo Il''TRODUCTto'"

Greek symbols
C( oscillation frequency
e surface emissivity
K absorption coefficient
'I wavenumber
co non-dimensional spectral decay parameter,

equation (4a), (4b), (4c)
~,Il non-dimensional distance
). curve fit parameter
ljJ, cP curve fit functions
1" optical thickness

Subscripts
g pertaining to gas

pertaining to ith gas band, or at band
center (also used as superscript)

o reference value
P Planck-mean value (of absorption

coefficient)
w pertaining to wall
<t center-line value
'[ spectral value

",Ol\YE"'CLATURE

constant in boundary condition for
differential approximation, equation (3)
a(2-e)/e
boundary parameter, equation (34)
curve-fit parameter
band strength parameter
band width parameter
exponential constant in Planck function
= 1.4388cm K
non-dimensional distance from boundary,
equation (20)

eb' ebn (spectral) emissive power (Planck function)
e unit vector in direction of flux component

considered
Eni reference emissive power
Ei, EhE2'000 exponential integral functions
In spacial variation function for absorption

coefficient, equation (AI)
Fl' F2 functions used for curve fitting
G,H,i auxiliary functions, equations (39),(41) and

(A5), respectively
unit vectors in the x(~) and y(P) directions
(spectral) direction-integrated intensity
iOnevaluated at reference wavenumber
modified Bessel function
characteristic dimension
shortest optical distance between point
under consideration and a boundary,
equation (18)
unit surface normal (pointing out of
surface)

q,qn (spectral) radiative flux
I I first derivative of IOn with respect to

spectral variation,

aIon/
ow wIno)

spectral flux evaluated at reference
wavenumber, qo'e = q~nlw(no)
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(3)

(4)

Most previous research has focused on the simple
model of a gray medium. For such a medium, multi
dimensional problems are readily solved with varying
degrees of effort and accuracy. Hottel's zonal method
[1, 2] has often been successfully applied, but has
several shortcomings: a temperature-varying absorp
tion coefficient complicates the analysis substantially,
while scattering effects and non-gray molecular-gas
effectsare nearly impossible to incorporate. The multi
dimensional differential approximation [3] (often
referred to as P-I approximation) demands only the
solution to a partial differential equation, and
temperature dependent absorption coefficient as well
as scattering pose no problems. However, as in Hottel's
zonal method, it appears impossible to integrate the
equations a priori over the entire spectrum, making
non-gray analysis very cumbersome. The Monte Carlo
method [4] has none of the above shortcomings, being
readily expanded to include the most general effects.
However, being a statistical method, it generally shows
significant scatter in the results and demands vast
amounts of computer time.

Realizing the severe shortcomings of gray-gas
analyses, a number of investigators have looked at the
complicated analytical treatment of non-gray mole
cular gas radiation in l-dim, media. Edwards and
Balakrishnan [5] formulated l-dim. slab band
absorptances for molecular gas radiation based on the
exponential-wide-band model developed by Edwards
and Menard [6]. They later applied this model to a
turbulent gas layer [8, 9] for the cylindrical geometry.
The same problem was attacked by Cess et at. [10] and
by Tiwari and Cess [11]. Habib and Greif [12] have
experimentally verified a similar analysis presented by
them.

Nothing in the literature to date appears to deal with
total radiative fluxes of non-gray gases in multi
dimensional media, except for some very crude
approximations such as the box model by Modest [13].
This is due to the fact that, with the exception of the
Monte Carlo method, spectral fluxes would have to be
calculated for a large number of wavenumbers,
followed by numerical integration over the entire
spectrum. It is the purpose of this paper to introduce a
method to predict total gas-band fluxes accurately but
with a minimum of effort. This will be achieved by
generating a smooth curve-fit for the spectral variation
of the radiative flux, based on the diffusion
approximation in the optically thick limit, and on flux
as well as curve slope at an optically thin to
intermediate reference wavenumber. For simplicity,
the parameters for the reference wavenumber are
obtained from the differential approximation, thus
limiting the accuracy ofthe present model to that of that
approximation. (For even better accuracy, variations of
the zonal method could be applied at the optically thin
limit.) To allow straightforward spectral integration,
the popular exponential-wide-band 'model has been
employed. (This model is known to be accurate for
sufficiently high pressures, and it is assumed here that

only then willmolecular gas radiation be ofimportance.
However, any other gas-band model may be
employed.) Comparison ofresults with results obtained
from wavenumber integration of the differential
approximation, as well as with exact results, shows
excellent agreement for all conditions tested.

The present model reduces the evaluation of total
band fluxes to the solution to two differential equations
and some algebraic manipulation, thus substantially
reducing the efforts required by previous methods.
While the method isat present limited to media without
particles or other non-band emitters/absorbers, and to
isothermal enclosing walls, extension to include these
should be straightforward.

2. Al"ALYSIS

On a spectral basis the differential or P-I
approximation, relating spectral radiative flux q. and
spectral direction-integrated intensity 1o• to absorp
tion coefficient K" and emissive power eb", has been
known for a number of years, e.g.0]

V' q"(r) = K"(r) [4eb"(r)-Io"(r)], (1)

VI o"(r) = - 3K"(r)q.(r), (2)

subject to the boundary condition

In the above equations fJ is a unit surface normal
(pointing into the medium), e is the surface emissivity
(assumed gray for convenience), and eb,," is the spectral
emissive power evaluated at the surface temperature
and is assumed to be constant over the entire enclosure
surface. The spectral variable chosen here is the
wavenumber 1/. Since the present paper is concerned
with molecular-gas radiation only, scattering terms
were omitted from equations (l) and (2). Some
ambiguity exists as to the value of the constant a in the
boundary condition. If the fluxat the boundary is to be
continuous, a = 2 (commonly known as Marshak's
boundary condition) [14]. However, the use of this
condition is problematic for unbounded media, as
discussed by Finkleman [15], making intensity
matching more desirable leading to a = ";3 (known as
Mark's boundary condition).

Normally, the spectral quantities are of little, if any
interest. Rather, what is desired is the total radiative
flux

q = I''' q" dl/.

Therefore, it would be very desirable to integrate
equations (1)-(3) over all wavenumbers before a spatial
solution is obtained. However, this seems to be
impossible. To date, if the differential approximation
were to be used to predict thermal radiation from a
molecular-gas band, equations (1)-(3) would have to be
solved for many discrete wavenumbers, after which
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wavenumber integration would have to be carried out
by numerical quadrature. This would obviously be a
very tedious process, so much so that the spectral
dilTerential approximation is usually discarded in favor
of a grossly simplified model such as the box model
[13], or of a purely numerical model such as the Monte
Carlo method [4].

In this paper.a method is presented which allows for
the approximate evaluation of equation (4) in a simple
fashion without the need forevaluating the spectral flux
at many different wave numbers.

We assume that the molecular gas has N bands and
may be described by the wide-band model, i.e.
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FIG. I. Qualitat ive behavior of the spectral radiati ve nux , q:~ ;

as function of optical thickness.

or

(symmetric bands), (4a)

N

K~ = L I\I(r) exp[ -ZI'I-lld/C3iJ,
1=1 Here the standard assumptions have been invoked

that (i) the bands arc narrow (i.e. eb~ varies little across
the bands and may be approximated by the value at the
band center, eb~')' and (ii) the bands do not overlap.

Looking at the qualitative behavior of the
components of q~~, the flux will vary with optical
thickness, and therefore with w,as is depicted in Fig . 1.
At a certain optical thickness the spectral flux reaches a
maximum and will decline again after further increases
in optical thickness until it asymptotically reaches the
value

where L is a characteristic length of the system. If the
sign of the flux at large optical thickness is opposite the
one of the thin limit , the spectral flux will also go
through a mimimum before approaching equation (10)
(cf. Fig. 1).

It is seen from equations (7}-{9) that the spectral
variation of q~~ depends only on the parameter w,and is
symmetric to the band center (for a symmetric band),
Thus equation (4) may be rewritten as

q~ = {<Xl q~~(II) dll = t {<Xl q~~(\II-II,D dll/-I/,I

= C3ffl q~~(w)dw (11)
o W

where t = 2 for symmetric bands, and t = 1 for bands
with heads. The last expression in equation (11) shows
that q~~/w.not q~~ , is important for the evaluation of the
total radiative flux. The qualitative behavior of q~iw is
depicted in Fig . 2.

In order to evaluate equation (11) accurately, an
empirical fit of q~~/w should asymptotically approach
the optically thick and thin limits. To assure a good fit
for intermediate optical depth, one must use great care
when applying the dilTerential approximation in the
optically thin limit and the dilTusion approximation in
the thick limit.

The differential approximation, equations (1)-{3), is
known to be accurate for optically intermediate to thick
situations. For isothermal walls the method will also
predict the correct thin limit, i.e. heat flux rates will

(7)

(8)

(9)

(4c)

(6a)

(6b)

N

q~ = L q~~,
i=1

N

t.; = L I~~,
1= 1

N

I\~ = L K,(r)w(llr.
i=1

. I: l
aq~~'n + -Z-Igq = 0, i = I ,Z, . . . ,N.

-I:

and sett ing

N

K~ = L I\,(r) exp [-(I/i-II)JC3 iJ, II < Ii i
i=1

K, = CIi(P, T)IC3 , (5)

where eliis another wide-band parameter giving the
band strength.Since K j is a linear absorption coefficient ,
equation (5) may have to be corrected by the partial
density p or pressure of the absorbing gas ,depending on
the units used for CIi' Equation (5) is strictly true only
for strong-line radiation; it is assumed that only in that
case is the gas radiation strong enough to be of interest.

Using the abbreviation

(bands with head). (4b)

It is assumed here that bandwidth parameter C31 is
constant throughout the volume. This is done for
mathematical simplification,although it is realized that
C3j generally increases with the square-root of
temperature. The wide-band model is cho sen for
convenience, since it has been widely tabulated. This
makes possible the determination of the absorption
coefficient at the band center as [4]

VI~~ = -3KiW(II)q~~,

with the surface boundary condition

it follows that, for the ith band,

V'q~~ = KIw(II)[4(eb~i-eb,,~,)-I~~],
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(18)
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FIG.2. Qualitative behavior of the integrand of equation (11),
as function ofoptical thickness.

except for regions close to a wall. Well inside the
medium the diffusion approximation gives very
accurate results even at moderate optical thickness. In
order to assure a good curve-fit, it would be desirable to
augment equation (10) by a boundary correction term.
This may be achieved by applying the differential
approximation to a region close to a flat wall leading to

i 4 4 { .qn = - -3-Veb?i -~ (eb?i-ebw?i)n
KjCO b+y3

- -~- [J3Veb?i+(b-j3")f1(f1 oveb?i)]}
3"iCO w

x e-"tJ"ro'r-R.

(21)

(19)

(20b)+ (b+j3")qo°c,

1
Q2 = - [1-cooQt 0 cjqo· c],

To

Q 4'0 ( ) "j .3 = ,...-~ eb?i-ebw?i wn oe qo·e
b+ y3

where L is some typical dimension and c is a unit vector
into the flux direction under consideration. In the
above definitions. represents a typical spectral optical
thickness, Qt compares reference fluxes obtained from
the diffusion approximation with those from the
differential approximation, Q2 describes the curvature
of q~? with respect to spectral variation, and Q3
compares fluxes due to an emissive-power jump at the
boundary with the differential approximation.

Using these quantities, a general expression for the
spectral flux which satisfies equation (12) as well as
equation (18) may be generated such as

In the above equation I"is the optical distance from the
point under consideration to the closest point at the
wall (based on the absorption coefficient at the band
center), fI is the surface normal there, R is some higher
order remainder, and b is an abbreviation for

2-&
b=a--.

&

The subscript w at the correction term indicates that all
terms inside the brackets are to be evaluated at that
point on the surface. Details for the derivation of
equation (18) and the remainder term R are shown in
Appendix A.

For convenience we now introduce a number of non
dimensional quantities,

T = KjcoL, TO = T(COO)' d = j3"IJKjL, (20a)

e
aqkofl+--Ik=O, k=O,l. (17)

2-&

In the optically thick limit the spectral flux will
approach the diffusion limit, equation (10),everywhere

vanish as co-> 0, as long as the domain is finite. The
important quantity

Voqt = -KjcooI 1 + Kj[4(eb?i- ebv.?i)-Io], (15)

VI t = -3Kjcooqt-3Kjqo, (16)

with the boundary conditions

lim (q~ico),
(1)-0

and

iii cq~?I 2qg? ~ qg? roo +(co-coo) aco roo +O[(co-co o) ]

= qo+(co-coo)qt +0.[(CO-COO)2]. (12)

If the differential approximation is well-behaved in the
thin limit, the choice of 1J0 will be unimportant. Ifit is not
well-behaved at co-> 0, the choice of COo > 0 will assure
a good fit for co> coo' The values for qo and qt are
determined from equations (7)-(9) directly or after
differentiation with respect to co, respectively,

Voqo = Kicoo[4(eb?i-ebro?i)-Io], (13)

VIo = -3Kjcooqo, (14)

however, is very rarely predicted accurately by the
differential approximation. In some cases (unbounded
media) the differential approximation may predict a
zero or infinite slope for co-> 0 combined with rapid
changes for small co,which would lead to a poor curve
fit. Even if the differential approximation is well
behaved at the thin limit, numerical evaluation of
equations (7)-(9) with co= 0 would be somewhat
awkward. Thus we choose to determine the value of
q~ico and of its slope at a non-zero COo = CO('lo)
evaluated at some reference wavenumber '10'
Expanding q~? into a truncated Taylor series around COo
leads to
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where

(25)+In (c/d)Ju(e-d)}

where rg = T(W = 1) is the optical depth at the band
center. Ifa different spectral model for the absorption
coefficient is chosen, equation (4) in conjunction with
equation (21) may have to be integrated numerically. It
should be noted that the present method is independent
of the spectral model (as long as the spectral
dependence is separable). It yields accurate results for
the total band flux needing only the solution to two
differential equations. As applied here the accuracy of
the present model is limited to the accuracy of the
spectral differential approximation.

Thus whenever possible we choose ). = 1and c is a real
positive root of equation (23). If there is no real positive
root then equations (23) and (24) form a set of two
equations in the two unknowns}. and c. Evaluation of
the constants }. and c is summarized in Table 1 and
discussed in detail in Appendix B.

Spectral integration to obtain total gas-band flux
may now be carried out. If the exponential wide band
model is used to describe the absorption coefficient,
equation (11) applies and may be integrated
analytically leading to

. { ele<o
q~'e=qo'e [1-I/J(co)]-[I-e- l "'IJ

}.CTo

(22a)

(22d)

Fl(x) = [(2+x) e- x + x - 2] u(x), (22b)

F2(x) = [e- x + x - l ] lI(x)= Fl(x)+F'I(X), (22c)

Here u(x) is the unit-step function, i.e,

u(x) = {~: ::~},

ql(e)= -(J.-I) [¢'(c)+e¢"(c)]. (24)

Qf -dro F [( d)]-- e I e- CoT5
+ Q: e- dro F2[(C-d)coJ = -(}.-I)eq/(e). (23)

To

Since equation (23) is a single equation, one of the
constants }. and c may be chosen freely, say}. = 1. In
fact, the possibility of). oF 1 was included in equation
(21)onlyto allow for such cases when equation (23)does
not have a real positive root. If this occurs, the
smoothest transition from optically thin to optically
thick conditions is achieved by choosing the smallest
possible value of ). > 1, leading to the additional
equation

and primes indicate differentiation with respect to the
argument. Equation (21) approaches the correct

.optically thick limit, equation (18), and also equation
(12) for W -> Wo provided the unknown correlation
constants }.and c are determined from

Table I. Regimes for correlation constants e and J.

Regime e ). Comments

¢(O)> 0 root of cf. Fig. ill
¢'(oo) < 0 ¢(e)=O only one positive real

root exists

IIa ¢(O)> 0, q,'(oo)> 0 root of q,(e) = 0 cr. Fig. ill
q,(cm;,J< 0, R* > 0 c » Cmin larger root since limit

is approached from below

lIb q,(0) > 0, ¢'(oo) > 0 root of q,(c) = 0 cf. Fig. BI
q,(cm1,J< 0, R* < 0 C < Cmin smaller root since limit

is approached from above

lIe q,(0) > 0, q,'(oo) > 0 root or cr. Fig. B2

¢(Cml,J > 0
q,' q,

for ). > I only one positive).-1 = ---= -->0
(en cq,' real root exists

III q,(0) < 0 root of .p(e) = 0 cr. Fig. BI
q,'(oo)> 0 c c- Cmin only one positive real root

exists

Note : R* = R' e/qo' e~ 0 limitation may be replaced by examining the regime of adjacent points; i.e. regime IIa is always
bounded by regime III or lIe, while lIb is always bounded by regime I or lIe.
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(31)

3. ILLUSTRATIVE EXAMPLES

In the following, two I-dim.and one 2-dim. examples
will be discussed in order to examine the strengths as
well as the limitations and weaknesses of the proposed
model. In the first example a semi-infinite medium
bounded by a black plate with an emissive power spike
close to the surface is investigated. This test case
includes all possible regimes discussed in the previous
section and also addresses other problems associated
with the differential approximation, viz. an emissive
power spike close to a boundary and an optically thin
semi-infinite medium. However, in order to make exact
wavenumber integration possible the absorption
coefficient is assumed constant in this example. In the
second test case a medium between parallel plates with
symmetric emissive power distribution is examined.
Variations ofemissive power and absorption coefficient
are chosen artificially to make comparison with exact
solutions possible. In a final example a simple 2-dim.
case is chosen of parallel gray plates separated by a gas
with cosine-varying emissive power distribution.

3.1. Medium with emissive power spike
Cons ider a l-dirn, medium bounded by cold black

walls extending from'; = yjL = 0 to .; -> 00 with an
emissive power distribution of

eb~ j = E~j'; e-~. (26)

Examination of equation (26) shows that the emissive
power is zero at .; = 0, has a maximum at .; = 1, and
decays exponentially for large .;. Assuming a constant
absorption coefficientand using equation (20a) reduces
equ ations (13)-( 17) to

q~-3r~qo = 4ToE~i(I-';) e-~, (27a)

2roqo(0)= q~(O), (27b)

q';-3r~ql = 2Tg[3roqo + 2E~j(I-';) e-~], (28a)

2roql(O) = q'1(O)-2rgqo(0). (28b)

The solution to these differential equations is
straightforward resulting in

{
1- C2+ 2ro }«« = E~iCI 2+)3 e-.,f3,o~-To(I+C2';)e-~ ,

(29)

ql = E~iTgCI

X {2(I-C2+2ro-ToC~)-.j3C2ro(l-C2 + 2ro)';

(2+ j3)C2r O

x e- .jJ,o~ - (~2 -C2+.;)e-~} (30)

where

C
1

= 4 2; C
2

= 1-3r~
C2(1-3To) 1+3r~ '

Obviously, the choice of the reference wavenumber
resulting in TO, influences the results of qo and ql and:

therefore, the values of the correlation constants c and
).. On the other hand, ifthe spectral flux predicted by the
differential approximation is well-behaved in the
optically thin limit, then any reasonably small value for
To should result in good predictions of the total flux as
calculated from equation (25). This was verified by
varying To between 0 and 2: If Mark's boundary
condition is employed the results from equation (25)
virtuallycoincide for all values ofr o- The same is true for
Marshak's boundary condition, if the limit TO -> 0 is
taken after the solution of equations (27) and (28) has
been found . However, if the solution to the differential
approximation, equations (15HI7), is found after
setting TO = 0, then ql becomes unbounded, cor
roborating Finkleman's reservations towards this
boundary condition for unbounded media. Under
these conditions evaluation of the total flux from
equation (25)results are predicted too low (in absolute
value) by approximately 50%. In all the following
examples the value for the reference wavenumber has
been fixed so that To = 0.5, an optical thickness large
enough to make results from the differential
approximation meaningful, yet small enough to
accurately treat the important effect of the band wings.

Figure 3 demonstrates the behavior of the non 
dimensional quantities 4>(0), 4>'(00) and 4>(CmiJ which
are important for the evaluation of the correlation
constants). and c(cf.Appendix B).The present example
was chosen because the emissive-power spike forces the
medium through all possible regimes with rapid
variations of the above parameters, posing a severe test
for the present method. At the bottom of the figure the
range of the different regimes is indicated. As discussed
in Appendix B, the distinction between regimes lIa and
lIb can be found byevaluating the sign ofthe remainder
in equation (18). However, from physical consider
ations and as seen in Fig. 3, regime IIa will always be
adjacent to regime III and/or Ilc, while lIb is always
adjacent to I and/or lIe.

The heat transfer results are shown in Fig. 4. Also
shown are result s obtained by finding the solution to
equations (7)-(9) with wavenumber as parameter, and
subsequent integration over wavenumbers using
numerical quadrature (labeled 'integrated differential
approximation'). In order to avoid crowding of the
figure, the exact solution is shown only by a few data
points, and is found from the papers of Modest [16] or
Edwards and Balakri shnan [5] as

~ i~ dfC -E. = {1-2E3[Tg(';-O]}eb~g)--;-p
31~' 0 (;-.,

f
~ df

- ~ {1-2E3[Tg(.;'-m}eb~i(O .;'_.;' (32)

For the optically thick limit,Tg» 1,equation (32)can be
evaluated analytically, resulting in (after considerable
manipulation)

~~ -l+~e-~Ei(';), >. 1 (33)
C3iE~j Tg

" •
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FIG. 5. Non-dimensional total band flux for finite med ium with
variable absorption coefficient.

H(r:) = h+!r:2[ln r:+y-I]+E3('r)-Es(r:)-i (41)

is the twice-integrated slab-band absorptance. For the
present method, qo and ql are needed and arc
determined from equations (13}-{17). The solution to
qo, of course, is identical to q~~ in equation (36) with
r:mw replaced by r:o = tmwo. The solution for ql
follows similarly as

woql = _~{x_(_l_+ I+tfito)
E~i 3'0 firo

x [e-,/l,oll-xI_e-.(J,o(l+xI]

+ ~ (1+fir:o)[e-,/l,oll-xl+e-,fJ,o(l +X)]} .

(42)

Again, the results for qo and ql are used to find the
correlation constants ). and c, after which total band
fluxes are determined from equation (25).Comparison
of the results is shown in Fig. 5. The wavenumber
integrated differential approximation, equation (37),
generally overpredicts the heat transfer rates by
approximately 20% due to errors in the optically-thin
band wings. It should be noted that, in order to allow
closed-form wavenumber integration of equation (36),
Mark's boundary condition was used; Marshak's
boundary condition would have resulted in con
siderably better accuracy. The accuracy of the present
model as compared to the integrated differential
approximation, on which it is based, is outstanding,
with a maximum discrepancy of roughly 2% near the

where

3. 0 r----.---~--~---.---....,

x = -!(2~ -I) [I +(2~-1)2] ,

11 dt
G(~) = (l-e-~l)- = EI(~)+ln ~+y,

o t

and y = 0.5772.. . is Euler's constant.
The exact solution to the present case can again be

calculated by the theory given by Modest [16] and
Edwards and Balakrishnan [5] so that , after some
manipulation,

qi 2
_ K_ = 2"{H[r:m(l-x)]-r:mH'[r:m(l-x)]
C3iE~i r:m

-H[r:m(l + x)] +r:mH'[r:m(1 + x)]} (40)

where

3.2. Symm etric medium with variable absorption
coefficient

Consider a l-dirn. medium 0 < ~ = y/L < I with an
emissive power function

eb~i = E~i{l-!(2~-1)2[1 +(2~-W]2}, (34)

and with an absorption coefficient

t@ = Kj@L = t m[1 + 3(2~ - WJ. (35)

This particular ~-dependenceof equations (34)and (35)
was chosen because it allows a relatively simple
solution of the spectral differential approximation,
equations (7)-(9), and its subsequent analytical
integration over wavenumbers. After considerable
manipulation one gets, assuming black wallsand using
Mark's boundary condition (a = fi)

q~~ 8 { I + fitmw
E~i = 3tmw x - 2fir:

m
w

x [e-,/l'~"'(I-XI_e-,/l,~",(l hI]}, (36)

q~ 8x ( 2) 2
C3iE~i = 2fi 1- fir:m + 3fir:;

x {[I +fir:m(l + x)] e-ll-xl.(J'm

-[I +fitm(l-x)] e-llhl,fJ'm}

- ~ (l-x2){G[(I-x)fir:m]

-G[(I +x)fir:m]} (37)

Comparison between the exact solution and the
integrated differential approximation shows that the
differential approximation generally overpredicts the
level of heat transfer by up to about 15%, as is to be
expected. The present method is generally very close to
the integrated differentialapproximation, within about
3% of the maximum flux. The error is largest in the
vicinity of the boundaries.Indicating that the boundary
correction is less than perfect. Errors also occur in the
vicinity of the asymmetric maximum of the emissive
power since equation (10) does not hold for moderate
optical depths in the vicinity of such points.
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where

boundary. Obviously, in this example, the accuracy is
aided by the fact that there is no asymmetric emissive
power peak within the medium.

(52)

(55)

x cos,pd4> dljJ

i 4 f"/2 f"/2f~qg~ =_ [l_e-tazJ<OS"']
C3iE~i cos CXJl 1T. 0 0 I-~

X cos (cxz tan ,pcos ljJ)dz sin ,p
z

band flux may be evaluated as

. flf2"f". dwq~1' = C3 i l~~ sirr' ,pd,p cos ljJ dljJ -, (49)
o 0 0 w

. flf2"f" dwq~~ = C3i l~~ cos ,psin ,p d4> dt/!-. (50)
o 0 0 w

After some manipulation and carrying out the spectral
integration this leads to

qi 4 f"/2 f"/2{f~ fI-~}
C3iE~ig;in CXJI = -; 0 0 0 + 0

x [1_e-tazt<oS"'] sin(cxz tan e cos ljJ)

dz
x - sin? ,pd4> cos ljJ dljJ, (51)

z

where K o is the modified Bessel function, e.g. [17].
To evaluate the band fluxes by the present method.q.,

and ql need to be determined. Again, qo is found by
setting! = !o in equations (44)-(46). ql may be found
by either solving equations (15)-(17), or by differen
tiating equations (44) and (45) with respect to r, In
either case

-,--w--'0'7qc:;ll'c:-- CX!O {( 2 3 2)( h fl + 2bflo-= = -- cx - !o cos 0 --
E~i sin CXJl 16f3~ 3!0.

x sinh flo)\ [3r6((1 + 2;2) cosh fio

+ fio( 1 + ::J sinh flo)

2( 4bfio')J-cx cosh flo + 3ro sinh flo

x cosh flo(2~-1)

-3!6(COSh flo + _2b_fl_o sinh flo)
3ro

x flo(2~-I) sinh f3o(2~-1)}

(
2bflo . )2

-:- cosh flo + -- sinh 130 ,
3!0

where the last three integrations have to be carried out
numerically. However, if only the strong-band limit is
needed, i.e. results for !g --> 00, equations (51) and (52)
may be evaluated analytically leading to

q~l'(rg-4 00) = [t(I-~) Ko(z) dz

+ t~ Ko(z) dzJC3iE~i sin CXJI, (53)

q~~(!g -+ 00) = {Ko[cx(l-m- Ko[CX~]}C3iE~i cos CXJI

(54)

(48)

(46)

(43)

x tan ,pcos ljJ]}e -t(~-n/cos '"

d~' 1T.
x--,/.,-, O,;;;,p<-,

cos 'I' 2

= E~i!. rl

COS{CXUI+(~'-~)
1T. J~

x tan ,pcos ljJ]}et(~' - {l/cos '"

d~' 1T.
x--, -,;;;,p,;;;1T..

cos,p 2

From the expression for the spectral intensity the total

where s is a distance non-dimensionalized by L into the
direction of unit vector S,and rs is the non-dimensional
distance to the wall. Expressing direction in terms of the
polar angle ,p(measured from the positive ~-axis) and
the azimuthal angle ljJ (measured from the JI-axis in the
plane perpendicular to ~), and using equation (43)
results in

In this case band integration of the spectral flux
obtained above from the differential approximation
cannot be achieved analytically, but is readily achieved
by numerical quadrature. For a simple 2-dim. problem
such as this, it is also possible to find an exact analytical
expression for the band flux by first evaluating the
spectral directional intensity [2, 4] as

. ! f'·(~·i) .
l~~(Jl,~,s) = - eb~iUIs(J!,S,S)] e- t• ds (47)

1T. 0

with space-independent absorption coefficient and
bounded by cold walls, ebw~i = O. Even though the
system is 2-dim., equations (7)-(9) are readily solved
because of the cosine dependence, leading to

q~~ ·1 == (q~~)1' = cx~ [1 _ cosh f3(2~-1) ] sin CXJl
e; E~i fi 2b .

cosh 13 + - sinh 13
3r

3.3. Two-dimensionalslab withcosine-varying emissit'e
power

As a final example, we consider the case of a slab
0,;;; ~ = ylL ~ 1with the emissive power varying in the
direction parallel to the surfaces, JI = x]L, according to

(44)

q~~'I _ (q~~)~ 2r sinh f3(2~-1) (45)-- - -- - - b cos CXJl
E~i - E~i - 13 cosh fi + ~ sinh fl

3r
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As for the other examples, the values for qoand ql are
used to form the non-dimensional parameters Ql. Q!
(which vani sh for flux calculations in the ~·direction),

Q2and Q3(which vanishes for the Jl-direction), which in
turn are used to determine the correlation parameters c
and ). from equation (23) and the band flux from
equation (25). The results using all three methods are
shown in Figs. 6-11. Figure 6 shows the case of a = 0
and e = I, i.e. a l-dirn, constant-temperature slab
bounded by black walls. The exact result for this case
has already been obtained by Modest [I6J and follows
directly from equation (52) for all optical thicknesses.
As exp ected, the integrated differential approximation
overprcdicts fluxes by up to approximately 10%, in

(57)

_ _(J)--=-oq.:..:I,,-~_ _ '0 {[3 2p ( . hP 2bPO- - - '0 0 sm 0+--
E~i COS aJI 8P~ 3r o

X cosh PO)

_a2
( cosh Po + ~~o sinh Po)]

x sinh Po(2~-1)

+3"t"~(COSh Po + _2b_P_o sinh Po)
3'0

x Po(2~-I) cosh Po(2e-I)}
(

2bPo . )2
-:- cosh Po +-- sinh Po .

3ro
(56)

particular close to the wall with its emis sive-power
jump. The present model virtually coincides with the
integrated differential approximation everywhere.
Figures 7 and 8 sho w -the flux across the slab for a
slightly 2-dim. case of'c= O.I,andfora = l.Becauseof
the difficulty of evaluating equation (52), exact valu es
are given only for the limiting value of'r, -+ co (since the
wall flux is proportional to In TI, no exact value is given
for ~ = 1).The results are essentially the same as for the
I-dim. case, although, as expected, the flux diminishes
somewhat with growing a. Figure 9 shows the case of
gray (s = 0.5)bounding walls for a = I. The fluxes are
essentially halved because of the reflection from the
cold walls into the medium. No exact solution is readily
available for thi s case, but it may be assumed that the
differential approximation will do as well as for the
black-walled case . Again, the present model shows
excellent agreement.

Figures 10 and 11 show fluxes in the Jl-direction, i.e.
parallel to the plates. For small values of a the
differential approximation is ill-behaved in the
optically-thin limit as is easily seen by examining
equation (44): if one goes to the limit (J) -+ 0 without
shrinking a, one gets

I. (q~~)/l 4tm -+-
",-0 (J)E~i sin aJl a

which blows up for small values of a.On the other hand,
ifone sets a = 0 before shrinking (J), the same expression
becomes identically equal to zero. Thus equation (44)
has two different limits as c .and (J) approach zero. The
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(AI)

result is that the integrated differential approximation
strongly overpredicts axial fluxes for small values of ex
(Fig. 10)with slow improvement for larger values such
as« = I (Fig. 11).Even for relatively large values ofathe
error diminishes only slowly (approximately 20% for cx
= 10).This may be explained by the infinite number of
unattenuated emissive power peaks and valleys behind
each point in the axial direction. For the case ofa = 0.1,
the-present method appears to perform exceptionally
well, indeed much better than the integrated differential
approximation. This is due to the fact that the choice of
'0 = 0.5 chops off the ill-behaved optically-thin limit.
However, a choice of '0 < 0.5 would haveresulted in an
overprediction, while a choice of '0 > 0.5 would
produce a slight underprediction of heat fluxes.Indeed,
for larger values of cx (Fig. II) the present method and
the integrated differential approximation nearly
coincide again, both producing an error of roughly
50%. One may conclude that, due to its nature, the
accuracy of the present method is limited by the
accuracy of the integrated differential approximation.

4. SUMMARY

Because of the complexity of the problem, accurate
multi-dimensional calculations of the total radiative
flux generated by a molecular-gas vibration-rotation
band have, to date, been limited to Monte Carlo
evaluations. In the present paper, a model has been
developed that allows the accurate prediction of the
total band flux in multi-dimensional media based on
the solutions to two simple differential equations
(governing the optically thin limit) and on the diffusion
approximation (governing the optically thick limit). As
the present model is based on the differential (P-I)
approximation, its accuracy is limited by the accuracy
of that approximation. Comparison with exact
solutions shows the differential approximation gener
ally to be within 10-15%.

Thus the present model makes it possible for the first
time to calculate total radiative band fluxes from
molecular gases accurately and efficiently, resulting in
vast computer time savings over other accurate
methods such as the Monte Carlo method. While the
model is at present limited to gas mixtures without
particles surrounded by isothermal surfaces,expansion
of the model to allow for particle radiation and non
isothermal walls should prove fairly straightforward.
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APPEI"D1X A
DEVELOPl\IENT OF TIlE BOUNDARY-CORRECTION

TERM

Since the diffusion approximation breaks down in the
vicinity of a boundary, even for optically thick situations,
equation (10) must be augmented by a boundary-correction
term. If the absorption coefficient is very large, i.e, ".L» I,
where L is some characteristic dimension, then, for a poin t very
close to the boundary , the medium appears to be semi-infin ite
bounded by a plane wall. To improve on the diffusion equation
one may solve the problem of a 3-dim. semi-infinite medium,
employing the d ifferential approximation and perturbation
methods,Toaccommodatespacial variation of the ab sorption
coefficient we let ".(r) = rf.,(r), where T is a large non
dimen sional constant and f.,(r)is of order unity.Transforming
the spacial coordinat es as

~ = J:f.,(z)dz,

for the direction pointing perpendicularly into the medium,
and in a similar fash ion for the tangential directions, leaves to
solve the -equationsREFEREI"CES

I. H. C. Hottel and E. S. Cohen, Radiant heat exchange iiia
gas-filled enclosure : allowance for non-uniformity of gas
temperature, Trans. Alii.lnst, Chem. Enqrs4,3-14 (1958).

2. H. C. Hottel and A. F. Sarofim, Radiatiu Transfer .
McGraw-Hili, New York (1967).

3. M. F. Modest and F. H. Azad , The d ifferential

V'q, = t[4eb. - / o.] .

'110. = -3tq" r » 1,

subject to the boundary condition

~ = 0 : bq.·i1 = 4eb w. - / o•

(A2)

(A3)

(A4)
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(1)

¢(O)= Q2 > 0, ¢'(w) = -1 +~ + Q3'0-Qt e- d' . < 0;
T5 T5

the equation [cf.equation (23)]

¢(c) = Q2-C+ Q; Fl(c,o) - Q! e- d
' . Fl[(c-d)ro]

'0 '0

(B2)

FIG. B1.

epl(OO) >0

¢(O) > 0, ¢'(w) > 0;

¢(O)< 0, ¢'(oo) > 0;

(II)

(III)

ep (C)

A fourth possibility, i.e. when ¢(O)and ¢'( 00)are negative, is
discarded on physical grounds: a negative ¢(O) implies that q~~
grows faster with optical thickness at '0 than at the thin limit
(positive curvature at '0 in Fig. 1); a negative ¢'(w), on the
other hand, implies a switch in flux direction between the
optically thin and thick limits; it is assumed, therefore, that a
negative ¢(O)can only be forced by a positive ¢'(w).

Itis seen from Fig. BI that regimes I and III have one unique
solution for c, while in regime II either zero or two roots are
found, depending on whether ¢(Cmi,J is positive (no root) or
negative (two roots), where Cm;" is the unique root of ¢'(c) = 0
(cf. Fig. BI). While two roots are mathematically somewhat
undesirable, that possibility is a physical necessity: if
¢'(co) « I [corresponding e.g. to a locally near-isothermal
medium for which equation (18)would underpredict the flux]
equation (18) should obviously be approached from the top,

+ Q: e-d
' . F2[(c-d)To] = 0, (Bl)

TO

Checking the second derivative of ¢, it is found that ¢ has no
inflection point as long as

Far away from the boundary e -d, « I, and the magnitudes of
Qt and Q3 become irrelevant. Close to the boundary IQd
> IQtl, while Ql>Qt,and Q3may all three beexpected to have
the same sign from physical considerations (i.e.a temperature
jump at the wall with immediate strong decline inside the
medium appears physically implausible). Thus wemay assume
that ¢(c)has no inflection points (or can beforced to have none
by dropping the Qt and/or Q3 term). This guarantees that
there can be, at most, two positive real values for the constant c.
We distinguish the following regimes (Fig. BI):

(A6)

subject to

~ = 0: bo'VJ--!3(b+j3)rJ

. 42 {I}= 12r(eb.-ebw.)-4bn·Veb~ +~V eb.+O ~. (A7)

Now, assuming that ,~isof order unity or smaller (only then is
a boundary-correction term necessary), or ~ « 1, it follows
from a perturbation analysis that

4j3 1 4b _
J = ------r:;(eb.-ebW~)O +- r; r; n'(Veb.).

b+y'3 r y'3(b+y'3)

1 2 {2- 1: r:; V (eb.l.- eb••)
, b+y' 3

x (j3(b:-!3) + '~)+(V2eb~).}+O{:3}, (A8)

where the subscript 0 denotes evaluation at the origin at the
wall.(Note that in some casesevaluation at the wall takes place
before the operator is applied, and in other cases afterwards.)
Therefore, using equations (A3) and (AS) the flux near a
boundary may be expressed as

40 -,/3",~
q~ = - -----r:;(eb.-ebW.). e

b+y'3

-~{veb~ - b r:;[V(eb~-eb"').
3r b+y'3

+(~ - I)VCeb.I.-ebw.)] e-,/3",~}

4 {R R -} -,/3"" 4 R (A9)r; 1+ 2n e .-) 3'
3r2(b+y'3) 9r

where the R are remainder terms,

where the operators are with respect to the transformed
coordinates. Eliminating q~ from equations (A2)-(A4) and
setting

Io~(r) = J(r) e-,/3"'~+4eb. + 3~2 v 2e
b.+o{,I4 } , (AS)

yields a new equation for the unknown function J

APPENDIX B
DETERl\IINATION OF CORRELATION CONSTA"'TS

In order to determine the total band flux a unique positive
value for the correlation constant c must be found as a root of

b .
R l = -!3 V[n-(Veb.).]' (AlOa)

R2 = (V2eb~).+ {j (,~ - b+I-!3)v2(eb~I.-ebw,), (AlOb)

R3 = V(V2eb~)' (AlOe)

R, is a higher order term in the plane ofthe boundary, while R2
is in the direction perpendicular to it. R3 is the remainder for
the diffusion approximation far away from boundaries. If
equation (AI) is applied, equation (A9) reduces to equation
(I8)in the main body ofthis paper. Evaluation or estimation of
the remainders is required only if the sign of R"' is needed as
outlined in Appendix B [cf. equation (B3)].
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a r------Q-...:..:.='-----~

c

-(A-0 Cepl(C)

FIG. B2.

requiring c = c. < Cmin (regime lib); on the other hand, if
</>(0) « I [corresponding to small curvature for q~,(w) at the
optically-thin limit] equation (18) should be approached from
below (c = C2 > Cm;n' regime lIa). For the general case the
correct root may be found by either checking adjacent points
in the medium, or by determining the sign of the remainder

(B3)

where R is the remainder in equation (AIO).
If</>(cmiJ> O,equation (23)cannotbesatisfied unless A. ,p I:

for A. = I no value for c can bend the shape of the curve
described by equation (21) strongly enough to obtain the high
gradient desired at TO (described by Q2)'In order to overcome
this problem, the spectral variation is spliced together in two
parts: a low-curvature part, I/J(T), plus an overlay which
rapidly decays for positive values Of(T- TO)' In order to avoid
implausible inllection points in equation (21) we demand a
positive overlay, i.e. t/!(TO) < I, which necessitates c < cm;nand
). > 1. Ifwe further postulate a minimum value for A., to assure
smoothest possible transition, equations (23) and (24) yield
unique values for ), and c (cr.Fig. B2).

EVALUATION DES FLUX RADIATIFS SPECTRALEMENT INTEGRES DES GAZ
MOLECULAIRES DANS DES MILIEUX A PLUSlEURS DIMENSIONS

Resume-«Un nouveau modele aplusieurs dimensions est developpe pour permettre lc calcul du flux radiatif
total spectralement integre pour un gaz moleculaire a bandes.a partir de deux equations differentielles simples.
On emploie Ie modele exponentiel abande et iI n'est pas necessaire d'evaleur Ie llux spectral pour un grand
nombrede nombres d'onde a vec integration spectrale, cequi reduit l'elfort numerique, Une comparaison avec
des resultats spectralement integres apartir de l'approximation differentielle (P-I) sur laquelle la presente
methode est basee, et avec quelques resultats exacts, montre un excellent accord pour toules les situations.

BERECHNUNG DER SPEKTRAL-INTEGRIERTEN WARMESTRAIILUNG EINES
MOLEKULAREN GASES IN EINEM MEHRDIMENSIONALEN MEDIUM

Zusammenfassung-i-Es wurde ein neues mehrdimensionales Modell entwickelt, welches die Berechnung der
spektral-integrierten Gesamtstrahlung der Banden eines molekularen Gases durch die L6sung von zwei
einfachen Dilferentialgleichungen gestattet. Das neue Modell enthalt das exponentiate Breitband-Modell und
macht die Berechnung der spektralen Strahlung fUr eine grol3e Zahl von Wellenliingen mit nachfolgender
spektraler Integration iiberlliissig. Auf diese Weise wird der numerische Aufwand reduziert. Ein Vergleieh der
spcktral-integrierten Ergebnisse mit der dilfercntiellen (P -I)-Approximation, auf der die beschricbene
Methode beruht, mit einigen exakten Ergebnissen zeigt eine hervorragende Ubereinstimmung in allen

Bereichen.

OUEHKA CnEKTPAllbHO YCPEJlHElillblX nOTOKOB H3JlY4EIIlUI
MOllEKYllRPIIblX rAJOB B MHorOMEPHblX CPE.llAX

AHHOT3UMIl-PaJpa60Taua uoaas MuorO~lepliall MOlle.1b. noaaonxrouraa paCC~IITbIBaTb cncxrpansuo
nurer puposaunuti nonuun nOTOK Inny~ellllll .u.11l peansuoli1I0.10Cbl Mo.1eKy.1Ilplloro rma ua OCIlOBe
peureuux ABYX IIPOCT1>IX AlIljlljlepcllullanbllblx ypaaueuuii . B 1I0Boii sroneru: ucnonsa ycrcs
1KcnOllellUlla .1bllall I\.I011e,1b 30llbl fionsurotl umpnuu , ~TO IICKJlI<l'faCT lIe06 xo;UI~IOCTb n pononun,
oueuxy cnexrpansuoro nOTOKa lL11l 60ilbllIIIX BO.1110BbIX xncen C lIoe.1CllYIOUII1~t cnexrpansusnr
aurerpnpoaannesr n n03BO.11leT 3I1a~llTe .1bIl0 coxparurs ~IICilellllblepacxcrsr. Cpaaueuue pCJynbTaTOB.
1I0.1y~eIlIlLIX CnO~I0111bIO llllljlljlepcHlIllanblloro IIp1l6J1Il)Kellllll (P - I), nexautcro BOCIlOBe npennoxeu-

1I0ro MeTOLla, c nexoropuxm TO~lIbl~t11 pc3YJlbTaTaMII naer xOPOWCC coananeune .u.1II BCCX C.1y·!aCB.




